Introduction
A Riemannian manifold (M, g) is called Einstein if the Ricci tensor r of the metric g satisfies r = λg for some λ ∈ R. In this paper we discuss homogeneous Einstein metrics on generalized flag manifolds. A generalized flag manifold is an adjoint orbit of a compact semisimple Lie group G, or equivalently a compact homogeneous space of the form M = G/K = G/C(S), where C(S) is the centralizer of a torus S in G. Einstein metrics on generalized flag manifolds have been studied by several authors (Alekseevsky, Arvanitoyeorgos, Chrysikos, Kimura, Negreiros, Sakane).
Generalized flag manifolds G/K admit a finite number of G-invariant complex structures and invariant Kähler Einstein metrics on general- 
, where the sum is taken over all indices α, β, γ with e α ∈ m i , e β ∈ m j , e γ ∈ m k (cf. [18] ). Then, the positive number
] is independent of the B-orthonormal bases chosen for m i , m j , m k , and
Let d k = dim m k . Then we have Lemma 2.1. [16] The components r 1 , · · · , r q of Ricci tensor r of the metric ⟨ , ⟩ of the form (1) on G/K are given by
where the sum is taken over i, j = 1, · · · , q.
Riemannian submersion
Let G be a compact semi-simple Lie group and K, L two closed subgroups of G with K ⊂ L. Then we have a natural fibration π : G/K → G/L with fiber L/K. Let p be the orthogonal complement of l in g with respect to B, and n be the orthogonal complement of k in l. Then we have g = l ⊕ p = k ⊕ n ⊕ p. Note that n is the vertical subspace of the submersion and p is the horizontal subspace.
For a Riemannian submersion, O'Neill [15] has introduced two tensors A and T . Since the fibers are totally geodesic in our case, we have T = 0. We also have
Let {X i } be an orthonormal basis of p and {U j } an orthonormal basis of n. We put for X, Y ∈ p, g(A X , A Y ) = 
for positive real numbers 
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We decompose each irreducible component p j into irreducible Ad(K)-modules:
As before we assume that Ad(K)-modules m j,t (j = 1, · · · , ℓ, t = 1, · · · , k j ) are mutually non-equivalent. Note that the metric of the form (4) can be written as
and this is a special case of the metric of the form (1).
whereř j are the components of Ricci tensorř for the metricǧ on G/L.
Proof. Let {e
β } be a B-orthonormal basis adapted to the decom-
} is an orthonormal basis of p ⊕ n for the metric g. Then we have
.
Noting that
is an orthonormal basis of m j,t , we obtain our claim.
Decomposition associated to generalized flag manifolds
Let G be a compact semi-simple Lie group, g the Lie algebra of G and h a maximal abelian subalgebra of g. We denote by g C and h C the complexification of g and h respectively. We identify an element of the root system ∆ of g C relative to the Cartan subalgebra h C with an element of h 0 = √ −1h by the duality defined by the Killing form of g C . Let Π = {α 1 , · · · , α l } be a 
Let Π 0 be a subset of Π and
Consider the root space decomposition of g C relative to h C :
We define a parabolic subalgebra u of g C by
where ∆ + is the set of all positive roots relative to Π. Note that the nilradical n of u is given by
We put ∆
C be a simply connected complex semi-simple Lie group whose Lie algebra is g C and U the parabolic subgroup of G C generated by u. Then the complex homogeneous manifold G C /U is compact simply connected and G acts transitively on
Let k be the Lie algebra of K and k C the complexification of k. Then we have a direct decomposition
Take a Weyl basis where N α, β = N −α, −β ∈ R. Then we have
and the Lie subalgebra k is given by
Note that ∆
Then we have a decomposition of m into mutually non-equivalent irreducible
Put s = √ −1t. Then the Lie algebra k is given by k = z(s) (the Lie algebra of centralizer of a torus S in G).
We consider the restriction map
There exists a 1-1 correspondence between T -roots ξ and irreducible submodules m ξ of the Ad G (K)-module m C given by
Thus we have a decomposition of the Ad G (K)-module m C : 
There exists a natural 1-1 correspondence between ∆ + T and the set 
Thus a G-invariant metric g on G/K can be written as
for positive real numbers x ξ , x j1···jr .
Then the correspondence Λ → χ Λ gives an isomorphism of Z t to the group of holomorphic characters of U .
Let F Λ denote the holomorphic line bundle on G C /U associated to the principal bundle U → G C → G C /U by the holomorphic character χ Λ , and 
RECENT PROGRESS IN DIFFERENTIAL GEOMETRY AND ITS RELATED FIELDS

Kähler Einstein metric of a generalized flag manifold
Let c 1 (M ) be the first Chern class of M . Then we have
The G-invariant metric g 2δm on G/K corresponding to 2δ m , which is a Kähler Einstein metric, is given by
Einstein metrics on generalized flag manifolds with two isotropy summands
From now on we assume that the Lie group G is simple. For a generalized flag manifold G/K, we denote by q the number of mutually non-equivalent
In the case when q = 1, it is known that G/K is an irreducible Hermitian symmetric space with the symmetric pair (g, k). In the case when q = 2, we have two G-invariant Einstein metrics on G/K. One is Kähler Einstein metric and the other is non-Kähler Einstein metric. In fact, we see that the case q = 2 occurs only in the case r = b 2 (G/K) = 1 and m = m(1)⊕m(2) (cf. [6] ). Note that only 
, the components r 1 , r 2 of Ricci tensor r of the metric ⟨ , ⟩ are given by
] .
Since the metric ( ,
is Kähler Einstein, we see that
Since
is non-Kähler. 
and non-Kähler Einstein metric is given by x 1 = 1 and x 2 = 2(a + 1) 2n − a + 1 .
Generalized flag manifolds of type Sp(n)
We now consider the case
where n ≥ 3, p, q ≥ 1 and 2 ≤ p + q ≤ n − 1. Its corresponding painted Dynkin diagram is given by
The set of all positive T -roots ∆ + T is given by
where ξ 1 = κ(α p ) and ξ 2 = κ(α p+q ) and we have a decomposition of m into 6 mutually non-equivalent irreducible Ad G (H)-modules: 
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We put
and dim m 6 = p(p + 1).
It is easy to see that
] ,
] and
] are non-zero.
We write G-invariant metrics g on G/K as
where x j (j = 1, · · · , 6) are positive numbers. Now from Lemma 2.1, we obtain the following proposition. 
) ,
] ( x 2
] ( x 3
] ( x 4
] ( x 5
] ( x 6
) .
Now we compute the non-negative numbers
] . 
RECENT PROGRESS IN DIFFERENTIAL GEOMETRY AND ITS RELATED FIELDS
Proof. We consider the subgroups
Note that G/L 1 and G/L 2 are generalized flag manifolds with two isotropy summands which are considered in Example 6.1.
, we see that the metric g 1 on G/K and the metricǧ 1 on G/L 1 are of the forms
We decompose irreducible components p 1 and p 2 into irreducible Ad(K)-modules. Then we obtain that
Thus the metric g 1 can be written as
Since the metric (11) is a special case of the metric (10), from Proposition 7.1 we see that the components r 1 , r 3 of the Ricci tensor for a metric g 1 on G/K are given by
From Example 6.1, we see that the componentř 1 of the Ricci tensor for a metricǧ 1 on G/L 1 is given by
RECENT 
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where
From Lemma 3.1, (12), (13) and (14), we obtain that
and
We also consider a G-invariant metric g 2 on G/K defined by a Riemannian submersion π :
, we see that the metric g 2 on G/K and the metricǧ 2 on G/L 2 are of the forms
We decompose irreducible components q 1 and q 2 into irreducible Ad(K)-modules. Then we obtain that
Thus the metric g 2 can be written as
Since the metric (15) is a special case of the metric (10), from Proposition 7.1 we see that the components r 4 , r 5 of the Ricci tensor for a Ginvariant Riemannian metric g 2 on G/K are given by
From Example 6.1, we see that the componentř 2 of the Ricci tensor for a metricǧ 2 on G/L 2 is given by
where d 1 = dim q 1 = 4(p+q)(n−p−q) and d 2 = dim q 2 = (p+q)(p+q +1).
From Lemma 3.1, (16), (17) and (18), we obtain that
n + 1 and
Now taking into account the explicit form (8) ] into r 2 = r 3 and r 4 = r 5 , we obtain that
Proof of theorems
We normalize the system of equations as (1)), the system of equations (19) reduces to the following system of polynomial equations:
Case of Sp(3)/(U (1) × U (1) × Sp(1))
Case of x 5 ̸ = x 1 . We first consider the case when x 3 = x 2 . Then we see that to find non-zero solutions of the system of polynomial equations (20) 
HOMOGENEOUS EINSTEIN METRICS 15
reduces to the following system of polynomial equations:
We compute a Gröbner basis for the system of equations (21) 
By solving the first equation of (22) for x 4 numerically, we obtain exactly two real solutions which are approximately given by x 4 ≈ 0.58384886 and x 4 ≈ 0.41501231. We substitute these values for x 4 into third, fourth and fifth equations of (22), and get four systems of real solutions which are approximately given by
We can see that invariant metrics 1), 2) and 3), 4) are isometric by the action of Weyl group respectively. Now we consider the case when x 2 ̸ = x 3 . We compute a Gröbner basis for the system of equations (20) 
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system of equations (20), we obtain four systems of solutions
2)
3)
These solutions give Kähler Einstein metrics which are isometric by the action of Weyl group to each other. For degree 32 part of the equation (24), we solve the equation numerically and obtain exactly six real solutions which are approximately given by x 2 ≈ 0.10308692, x 2 ≈ 0.10468854, x 2 ≈ 0.34689024, x 2 ≈ 0.43884703, x 2 ≈ 0.74009763, x 2 ≈ 0.83553414. We also compute a Gröbner basis for the system of equations (20) by using lex order x 6 > x 1 > x 3 > x 5 > x 4 > x 2 with (4x 2 − 1)(8x 2 − 3) ̸ = 0 and obtain the system of polynomial equations which have huge coefficients. We substitute these values for x 2 into the system of polynomial equations and then we see that, for 
Note that these are isometric by the action of Weyl group each other.
Case of x 5 = x 1 . We see that the system of polynomial equations (20) of equations (38), we obtain four systems of solutions 
Note that invariant metrics 1), 2) and 3), 4) are isometric by the action of Weyl group respectively and these are Kähler Einstein with respect to two different Sp(4)-invariant complex structures on Sp(4)/(U (2)×U (1)×Sp (1)) (cf. [14] ). For the part of a polynomial equation for x 2 of degree 46 in the Gröbner basis, we solve the polynomial equation for x 2 numerically and substitute these values for x 2 into the system of polynomial equations in the Gröbner basis. Then, up to isometry, we see that give Einstein metrics on Sp(4)/(U (2) × U (1) × Sp (1)).
Case of x 5 = x 1 . We compute a Gröbner basis for the system of equations (38) by using lex order with x 6 > x 1 > x 3 > x 4 > x 2 for x 1 x 2 x 3 x 4 x 6 ̸ = 0. Then we get a polynomial equation for x 2 which is of degree 30 in the Gröbner basis. By solving the polynomial equation numerically, we see that there exist no real solutions. This completes the proof of Theorem 1.3.
